Polynomials orthogonal with respect to discrete convolution  by Al-Salam, Waleed A. & Ismail, Mourad E.H.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 55, 125-139 (1976) 
Polynomials Orthogonal with Respect to Discrete Convolution 
WALEED A. AL-SALAM 
Department of Mathematics, University of Alberta, Edmonton, Canada 
AND 
MOURAD E. H. ISMAIL 
Department of Applied Mathematics, McMaster University, Hamilton, Ontario, Canada 
Submitted by R. P. Boas 
The concept of “Discrete Convolution Orthogonality” is introduced and 
investigated. This leads to new orthogonality relations for the Charlier and 
Meixner polynomials. This in turn leads to bilinear representations for them. 
We also show that the zeros of a family of convolution orthogonal polynomials 
are real and simple. This proves that the zeros of the Rice polynomials are 
real and simple. 
1. INTRODUCTION 
Let h , n = 0, 1, 2,...} be a sequence of real or complex numbers with the 
property that ova = 1 and or, # 0 for all n > 1. For any such sequence the 
present authors [2] introduced and studied the sequence-to-function trans- 
form L[f; 01, X] defined by means of 
L[f; 01, x] = f (-x)” a, . by(O) 
TZ=O 
(1.1) 
where df(x) = f(~ + 1) - f(x), &f(x) = d . d”-if(x). This transform 
clearly maps the set of sequences onto the set of formal power series. If the 
function 4(x) is the generating function for the given sequence {an}, i.e., 
+(x) = C,“=, 01,.xr, then (1.1) may be rewritten, at least formally, as 
L[f; a; x] = L[f, c$; x] = i ((-x)“/n!) p(x)f(n). (1.2) 
?L=O 
We shall call the mapping defined by (1 .I) or (1.2) the (L, a) or (L, +) 
transform and use either of the two notations in the left-hand side of (1.2). 
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We also proved that 
L[f * g; a; x] = L[f, a; x] L[g; cd; x] (1.3) 
where f * g is a convolution product of the two sequences {f(n)} and {g(n)} 
defined as the sequence whose nth component is given by 
(f*g)(n)= $J, $ $=Ll~(0)d~-"g(0). 
2=0 
In particular, if f (n) = ((- l)j/tij) (y) ( w h ere the nonnegative integer j is 
fixed) then 
L[y(nj);a;x] =xj, 
so that if P(n) is any polynomial in the discrete variable n then 
L[P; or; x] = P*(x), 
where P* is a polynomial (of the same degree as P) in the continuous variable 
x. Using this fact we introduce here a discrete analog of the concept of 
“Orthogonality with respect to convolution” which was introduced in [3]. 
We shall see that there are polynomial sets which are not necessarily ortho- 
gonal in the “ordinary sense”, i.e., with respect to the inner product 
where #(x) is an increasing function which is of bounded variation in 
(- 00, co) with infinitely many points of increase and finite moments of all 
orders (see [14, p. 181) b u are nevertheless orthogonal with respect to another t 
inner product. We shall find that there are polynomial sets which are 
orthogonal in this sense of (1.5) and also with respect to a discrete 
convolution. This gives new orthogonality relations, connection relations 
as well as several bilinear generating functions for these polynomials. The 
Charlier and the Meixner polynomials form such sets. 
We shall also see that if the function 4(x) of (1.2) is a Laplace transform 
of a nonnegative function, then the corresponding convolution orthogonal 
polynomials will have real and simple zeros. An example is the set of Rice 
polynomials H,(e, p, V) for p > 0 and w < 0. 
The transformation (1.2) first appeared in summability theory. It was 
introduced by Jakimovski [IO] and called a J-transform. The [‘, f (x)] limit 
of a sequence {g(n)}: is lim,,, czSo ((-x)“/n!) f fn)(x) g(n). Jakimovski [lo] 
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characterized the regular [J, f(x)] t ransforms. Later, Leviatan and Larch [l l] 
showed that it is totally regular if and only if f(x) is completely monotonic. 
The [J,f(x)] transformations obviously contain the Bore1 transform, the 
Abel transform and the A(*) transforms of Borwein [4] as the special cases 
f(x) = e-2, (1 + x)-l, and (1 + ~)-~-l (a > 0), respectively. Recently, 
Ismail [9] extended the [J, f( )] x means to double sequences and characterized 
the resulting regular and totally regular means. 
In the present work we treat only one-dimensional transforms. However, 
since we are using power series, we can interchange the order of summation 
and everything carries over to higher dimensions. The two-dimensional 
(L, +) transform is 
The difficulty in summability is indeed that we cannot always interchange the 
summations. 
We have also obtained basic analogs of the transformation (1.2). This is 
somewhat unrelated to the present work and will be treated elsewhere. 
However, one can trivially obtain basic analogs of the present paper. 
2. DISCRETE CONVOLUTION ORTHOGONALITY 
Let {Pj(x);j = 0, 1,2,...} be a polynomial set which is orthogonal with 
respect to (1.5), i.e., 
s m pj(x> pl(x> d$4x) = hjsU 7 (2.1) -cc 
where hj > 0 and Srj is the familiar Kriinecker delta. 
In view of (1.4), for each nonnegative integer j, there is a polynomial 
Qj(n) of degreej in 11 (n = 0, l,...) such that 
L[Qj; a; x] = Pi(x). 
From (1.3) we see, further, that (2.1) is equivalent to 
Relation (2.2) expresses what we call discrete convolution orthogonality. It 
can also be expressed formally as 
409/55/I-9 
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where 
l4n.n = s 
-1 (-Xp+n 
p(x) pyx) 
n!m! 4W. (2.4) 
Hence if I&X), 4(x) are given so that (2.4) exists for all m, n 3 0 then we can 
define an inner product 
(f, .dc = f I-lm,nf(n) ‘d4l 
m,?l=O 
which is positive definite on the space of all polynomials, i.e., (f,f) >, 0 
and (f, f) = 0 if and only if f = 0. 
In the important special case 4(x) = (1 - x)-P, p # -1, -2,..., and 
(0, l/v), v > 1, is the support of d+(x), we have 
cLln n = (P)n (P)m (-l)min 
n!m! 1’” (&)“‘% (I”“‘;2p 3 
where (j-9, =p(p + 1) ... (P + a- I>, (pjo = 1. 
It is obvious that the integral exists for all m, rz. Making the change of 
variable u = x/(1 - X) and dfl(x) = dt,b(x)/(l - ~)s*, we see that the integral 
in the right-hand side is equal to 
s (v-l)-' untm d/W(l + 4, 0 
where ,B(u/(~ + u)) . IS monotone increasing, Hence these are moments, 
B n+m . In this case 
(f,g)c = 12 EC (-lPn (” + ,” - ‘) (p + ,” - ‘) Bn+?nf(~)kw- 
On the other hand, if 4(x) = e@ and d+(x) has (0, co) for its support we 
have 
CL m,n = (l/n!m!) jam Xn+me-2s d+(x), 
which exists for all m, II > 0. 
(a) The Rice polynomials. Let us take {pj(x), j = 0, 1, 2,...} to be the 
Legendre polynomial set with argument 1 - 2vx, that is, in the hyper- 
geometric notation, 
Pj(X) = ,F,(--3’; j + I ; 1; vx), 
so that d#(x) = dx in (0, l/v) and d+(x) = 0 otherwise [7, Vol. 21, and take 
d(x) = (1 - x)-P, where p is not a negative integer or zero. 
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From (1.4) we have 
Pj(x) =L[,F,[-j, j + 1, --n; 1,p; 211; (1 - x)-p; x]. 
We recall that the Rice polynomials [12, 131 are defined by 
K(t,P, 4 = 2F2(-j, j + 1, t; LP; 4. 
Thus (2.3) is 
(2.6) 
nt~so Hkn* P, w> Hd-m~ P, w, (” + ,” - ‘) (’ + ,” - ‘) %+n 
1 (2.7) 
=w(2j+ 1) SLj > 
where 
s 
l/V 
rlr = C-1)” x”( 1 - x)-~-~P dx. 
0 
It is known that the Rice polynomials H,([, p, v) are not orthogonal in z1 
unless 5 = 1 or t = p. This follows from [l, Sect. 31. If they are orthogonal 
in .$ then w = 1 and p is a negative integer. The “if” part follows from [l, 
Sect. 61 and the “only if” part from our Theorem 4.2 given below. 
Thus these polynomials give an example of a set orthogonal with respect 
to discrete convolution but not orthogonal in the ordinary sense. 
(b) The Meixner polynomials. These are defined [7, Vol. 2, p. 2251 by 
means of 
iqx, p, c) = ,3-,(-j, -x; p; 1 - c-1). 
According to (1.4) they are related to the Laguerre polynomials 
by means of 
JQ%) = ((B + l>Jj!) Pd-j; B + 1; x) 
L[Mj(fZ; 8, C); e-$; X] = (j!/(/3 + I)j)Lj(X(C-l - 1)). 
The orthogonality relation for Li@(bx) is [12, p. 2061 
cw 
s 
cc 
ewbzXsL~)(bx) Ly’(bx) dx = (b-@“/j!) r(jl + j + 1) i&i 
0 
where R,!3 > - 1. Thus we get from (2.3) and (2.4) 
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This orthogonality relation is clearly different from the ordinary orthogonal- 
ity relation [7, p. 2251 
;. Aqn; /3, c) M&z; p, c) -p =j! c-v - cFo sj,l. 
@>i 
(2.10) 
(c) The Char&r polynomials. These are given [7, Vol. 2, p. 2261 by 
Cj(X, a) = i. (-1)” (i) (a k!a-k = zFO(-j, --x; -, -l/a). 
It is connected with the simple Laguerre polynomials 4(x) = ,F,(-j; 1; x) 
by means of 
L[c,(n, a); J&W2); x] = Lj(x/a). 
Therefore as above we get 
(2.11) 
where 
e _ am- 2 (-a> r mfnf2r m,n m!n! 710 r! ( ) m+r . 
Again the orthogonality relation (2.11) is different from the known ortho- 
gonality relation 
!. c,(r, a) c,(r, a) (e-@ar/r!) = a-%!Sflm . (2.12) 
3. CONNECTION RELATIONS FOR ORTHOGONAL CONVOLUTION 
ORTHOGONAL POLYNOMIALS 
Let {P,(x)}: be a polynomial set satisfying the orthogonality relation 
and the convolution orthogonality relation 
(3.2) 
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The uniqueness of the orthogonal polynomials satisfying (3.1) implies the 
connection relation 
(3.3) 
These connection relations are very useful. One can use them to derive 
among other things, bilinear relations for the polynomials {P,(x)}:. We know 
at least one bilinear relation for the polynomials under consideration, namely, 
the dual orthogonality relation (see [6]), when the system of polynomials is 
complete: 
w(4 2 P,(k) PT(O h(r) = ht * (3.4) 
T=O 
Multiply (3.3) by {A(j)}a Z’,(s)/u(j) an d sum over all nonnegative integers j. 
In view of (3.4) the result will reduce to 
2 {h(jj}2 p.(s) pj(n) = f(sp 4 
j=o U(l) 3 44 4s) * 
(3.5) 
One can repeat the above procedure by starting with (3.5) instead of (3.4). 
This leads in general to another bilinear relation, namely, 
(3.6) 
Of course we can keep repeating this process but it is clear that very soon 
the sums will become complicated. On the other hand we can start with any 
bilinear relation other than (3.4). 
To illustrate the above method let us apply it to the Charlier and Meixner 
polynomials. 
For the Meixner polynomials we have 
w(n) = cG% 
n! ’ 
A(n) = 3% (1 - q 
n! , 5(m, n) = (j-+--)m+n *, 
u(n) = (&I 1 - c a 
--ii-c’ n! ( 1 
Therefore the connection relation (3.3) is 
&2,(x; /3, c) = i E;fh cm-q 1 + c)-“-B-m M&n; /I, c) (3.7) 
Tll=O 
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and the bilinear relation (3.5) is 
j! hiyx; /3, c) ilqy; 8, c) = (1 - cy (1 + c)-s-u & . (3.8) 
GO z v 
The bilinear relation (3.6) takes the simple form 
(3.9) 
= (1 - c)Y (1 + C)-2B-e-s 2& (x + B,y + p; B; &) * 
We now treat the Charlier polynomials. The quantities A, w, u, and 6 are 
given by 
w(n) = $- ) h(n) = era -$ , u(n) = 1, 
The connection relation is given by 
cj(x, a) = j!e%+ C co (x + lhn an” c,(m a) 3 3 
WI=0 (m!)” 
(3.10) 
x 2F2 
( 
x+m x+m+l 
-9 2 2 ;x+l,m+l;-4a . 1 
From (3.5) we obtain 
The connection relations (3.7) and (3.8) can be proved directly evaluating 
their respective left-hand sides and using Euler and Kummer’s formulas 
zFI(a, b; c; z) = (1 - z)-” 2F&z, c - 6; c; --z/(1 - z)), 
,F,(a; b; z) = ez ,F,(b - a; b; -2). 
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Formulas (3.8) and (3.9) are special cases of the formula (see [7, Vol. 1, 
formula 12, p. 85). 
5 (j s” Pd- n, 6; --h; x) Jq--n, 6; 4 5) 
n=0 
= (I + S)A+b+R (1 + s - SZ)-b (1 + S - @-a 
We have not been able to find (3.10) or (3.11) in the standard tables and they 
are probably new. 
It is of interest to find continuous analogs of the results in the present 
section. This remains as an open problem. 
4. CHARACTERIZATIONS 
Although, in general, polynomials orthogonal with respect to convolution 
are not necessarily orthogonal in the ordinary sense (the sense of (1.5)) there 
are, however, polynomial sets such as the Charlier and the Meixner poly- 
nomials which are also orthogonal in the sense of (1.5). Furthermore according 
to our definition of convolution orthogonality every such set {Qj(x)} is a 
preimage under some (L, a) transform of an orthogonal polynomial set 
{Pi(x)}. Hence if we fix the set (Pi(x)} we ask the question for what (I,, a) 
transforms is the set {Qi(z)} 1 a so orthogonal. The answer to this question 
when {Pj(x)} is either the set of Jacobi or the set of Laguerre polynomial is 
given in Theorems 3.1 and 3.2 respectively. In the present section we use 
“orthogonality” to mean orthogonality with respect to a finite signed measure 
instead of the positive measure as in the “ordinary” orthogonality. 
THEOREM 4.1. The only orthogonal polynomial sets that are preimages of 
Jacobi polynomials of argument 1 - 2vx under (L, a) transforms are 
3F2[-n, n + Y; x; PI, Pz, 11. 
Proof. Let {Qj(x);j = 0, 1, 2 ,... } be such a set, so that 
((1 + a)j/jl) $r(--j, j + = + B + 1; B + 1; VX) =L{Qi(n); 4(x); ~1. 
Hence Qj(x) is a polynomial of the form 
Q&) = i U-jh#) (i + r)k Wk h 
k=O 
(X, f 0 for all k). (4.1) 
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Since these are assumed orthogonal it follows that they satisfy a three-term 
relation [14] 
Q~+~x) = (43 + B,) 5x4 + cnm~) w, z 0). (4.2) 
Substituting (4.1) in (4.2) and equating coefficients of (x)~ we obtain 
(n + 1) (n + y + A) (n + y + h - 1) 
= ---A& + y) . (AC--l/&J h - A,& + Y) (n + Y + h - 1) (n - h + 1) 
+B,(n--+ l)(n+y+h- l)(n+y) 
+ (W) b + Y) (n + Y - 1) (n - 4 (n - h + 1). (4.3) 
We note that B, + C, = 1. This follows by putting x = 0 in (4.2). 
Substituting for B, = 1 - C, in (3.3) we get 
= -(n + y) 4&!7+-l/b) + (n + y + h - 1) (n - h + l)] (4.4) 
-(c,/n)(2n+y--)(n--++l)(n+r) 
valid for k = 1, 2,..., n+l.NowtofindA,putk=n+landafterthat 
put K = 1 to find the value of C, . Having replaced the values of A, and C, 
in (4.4) we next put K = n to get 
The general solution of this first-order recurrence relation (in (A&&+,)) is 
so that 
This completes the proof of the theorem. 
THEOREM 4.2. The only orthogonal polynomial sets that are preimages of 
Laguerre polynomials under (L, a) transforms are the ikkixner and Char&r 
polynomials. Y 
The proof of Theorem 4.2 is very similar to that of Theorem 4.1 and uses 
Theorem 3 of [l]. It is clear that Theorems 4.1 and 4.2 are valid if “Jacobi 
polynomials of argument 1 - 20x” and “Laguerre polynomials” are replaced 
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by polynomials of the type CTz,, (-n)k (n + Y)~ &x+ and CI=, (-+z)~ &xk, 
respectively, with tl, # 0 for all k. 
Note that Theorems 4.1 and 4.2 are also extensions of Theorems 4 and 3 
of [l] respectively. 
For preimages of symmetric polynomials under (L, JX) transforms we 
have 
THEOREM 4.3. There are no orthogonal polynomials that are preimages of 
symmetric polynomials under any (L, a) transform. 
Proof. If {Qll(x)}r is such a set, then 
rn/z1 
QnW = c hLk(XL-Bk 7 
k=O 
and the result follows from the three-term recurrence relation, after some 
manipulations. 
It is clear that if we specify an orthogonal polynomial set {P,(x)}:, then 
the problem of determining orthogonal preimages under (L, a) transform 
can be treated as in the above cases. However the problem of determining all 
pairs of orthogonal polynomials ({P,(x)}:, {Qn(x)}F) such that Qn(x) is 
preimage of P,,(x) under an (L, LX) transform for all n, seems to be much more 
general and remains to be investigated. 
As a problem in the reverse direction we give the following theorem. 
THEOREM 4.4. The only orthogonal polynomial sets which are (L, IX) 
images of polynomials of type 
(x = 0, 1, 2 ,... ), (4.5) 
where to = 1, 5, # 0 for all k is the Laguerre polynomial set. 
Proof. Under (L, CX) transform {Qj(x)} goes into (putting qk = 
(-ljk Wk4 
p&) = 2 (-1)" e$?E XL* 
k=O 
Since this is assumed to be orthogonal then it satisfies a three-term recurrence 
relation 
Pn+&) = (y x + B, P,(x) + CJ’n-I(X) ) (n 3 0). 
P-&c) = 0, PO(X) = 1. 
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Equating coefficients of xk we get after some simplication 
n(n + 1) = .KFY + B,n(n + 1 - k) + c&z. - K) (n + 1 - k) 
0 < k < n + 1.. (4.6) 
The value k = 0 shows that C, + B, = 1, (n 3 1). Hence substituting this 
value in (4.6) we get 
n = n %+1 ?7c-1 --------(n+l -K)C,, 
%I yk 
which implies (by putting k = 1) then C, = (vn+r/qn) (~/?r) - 1. Thus 
-I&! I 
71 n(n - 1) ’ 
whose general solution is 
dh+l = (rlolrll) + cn, 
which in turn yields that after a slight change of notation 
where 
This results show that Pi(x) ==L)B-l)(--ore) which was to be proved. 
5. ZEROS OF CERTAIN POLYNOMIALS ORTHOGONAL WITH 
RESPECT TO DISCRETE CONVOLUTION 
Here we restrict ourselves to sequences {f(n)} for which CL, (x%/n!) f(n) 
is bounded on (0, co) and $(x) which is a Laplace transform of a integrable 
(on (0, co)) and nonnegative function w(t), i.e., 
C(x) = jam t+w(t) dt, w(t) >, 0 on (0, a>, (5.3) 
where 
1 = srn w(t) dt. 
0 
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In this case the (L, 4) transform can be written as 
L[f; 4; x] = J-am e-“” i. (wwf(4 w(t) dt. (5.2) 
An operator T is variation diminishing if V[Tf] < V[f], where V[f] is 
the variaiton off in the interval in question (for definition see [7, p. 831). 
We shall need the following lemmas. 
LEMMA 1. Let f(x) = cz=, a,xn be uniformZy conwergent on [0, a] then on 
this interval V[ f ] ,( V[(a,>], where V[{a,}] is the number of sign change in the 
sequence a, , a, , a2 ,. . . . 
LEMMA 2. If f (x) = Jy e-“tg(t) dt, then on (0, co) V[f] < V[g]. 
Lemma 1 is an easy consequence of Descartes’ rule of signs and was first 
observed by Cheney and Sharma [5], whereas Lemma 2 follows from [8, 
Theorem 7.1, p. 97, and Theorem 9.la, p. 1031. 
We now give the following theorem. 
THEOREM 5.1. If (Pi(x), j = 0, l,... } is a polynomial set orthogonal (in the 
ordinary sense) on (0, co) and if Qj(n) = L-l[P,(x); $; n], where +(t) is of the 
class (4.1), then Qi(x) has real and simple zeros in the interwaZ(0, co). 
Proof. The relationship between {Pj(x)} and {Qi(x)} can be written as 
Pj(x) = low e-zt 1 ‘foWYW) B(n)/ w(t) dt (j = 0, 1, L.). 
Hence from Lemma 2 and for each j we have on the interval (0, co) 
and from Lemma 1 we get 
2 ((XV/n!) Q&> 
?Z=O 
Now since {Pj(x)}} is an orthogonal set in (0, co) we know that all its zeros 
are real, simple and lie in (0, m). Hence r[Pj(x)] = j. Hence 
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Since Q?(X) is a polynomial in x of degree exactly j it follows that 
V[(Qj(n)}] < j. Combining these two inequalities we get that V[{Qj(nj}‘J = j. 
This proves the theorem. 
COROLLARY. The zeros of the Rice polynomials (2.8) are real and simple for 
positive p and negative a. 
Proof. It is easy to see that 
FQZC) = L[lq-r&p, -v); (1 + Cc)-“; x], 
where pj(x) is the shifted Legendre polynomial which is orthogonal on 
(0, l/v). In this case 4(x) is the Laplace transform of t”-le-t/rr(p). Hence the 
polynomial (in X) Hj(x, p, -v) has real, simple and nonpositive zeros for 
p>Oandv>O. 
The above result does not hold for positive p and v. For example, EZs(x, p, 
p + 1) has complex zeros. 
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